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Abstract-In this paper a finite element formulation for a two phase soil with a viscoelastic skeleton is
developed. A method of integration is proposed which considerably reduces the body of hereditary
information necessary to carry forward the solution and it is shown that under certain circumstances this
integration method is unconditionally stable.

INTRODUCTION

Saturated soil is a two phase material consisting of a solid skeleton and water filled voids. When
an increment of stress is suddenly applied to an element of saturated soil there is an
instantaneous increase in pore pressure and excess pore pressures develop. For most soils the
pore water is incompressible compared to the soil skeleton and so initially the soil element
deforms at constant volume. After this initial deformation the pore fluid has a tendency to move
from areas of higher excess pore pressure to areas of lower excess pore pressure and the element
undergoes additional deformation and the soil is said to consolidate.

The process of consolidation under one dimensional conditions was first investigated by
Terzaghi[l] and was subsequently extended to three dimensional conditions by Biot[2].
These authors assumed that the flow of the pore water was governed by Darcy's law and more
important that the response of the soil skeleton was elastic. The above assumption lead to the
conclusion that a soil element subjected to a change in stress will undergo an initial deformation
and then consolidate to a final deformed state after all excess pore pressures are dissipated. For
many soils this is not the case and the soil displays a tendency to creep under constant load even
though all excess pore pressures have been dissipated. The presence of creep or secondary
consolidation can be explained by supposing that the soil skeleton is a viscoelastic solid. The
general equations governing the behaviour of such a material were developed by Biot[3].

It is extremely difficult to find analytic solutions to the equations of viscoelastic consolidating
soil and the only solutions which have been found are those to problems ha\'ing the simplest
geometry and involving the simplest boundary conditions [4,5]. This is perhaps not surprising
since such problems combine the difficulty of viscoelastic stress analysis coupled with the
complexity of a diffusion process. It is clear that to solve more complicated problems it is
necessary to develop numerical methods.

The purpose of this paper is to develop a general technique for the numerical solution of the
equations of viscoelastic consolidation. In order to do this the basic equations are formulated in
terms of Laplace transforms, these equations are then approximated by the finite element
technique. The approximate equations are then inverted and a forward marching solution
technique is developed. It is shown that under certain conditions this numerical process is
unconditionally stable.

BASIC EQUATIONS

For the sake of definiteness consider a saturated soil with a viscoelastic skeleton occupying a
region V with a surface S. Portion of the surface ST is subject to specified tractions T while the
remainder of the surface SD is subject to zero displacement. It is also assumed the portion of the
surface Sp is free to drain while the remainder SI is impermeable.t

tIt is not dUlieult to incorporate more complicated boundary conditions, both elastic and hydraulic, into the theory. The
procedure is straight forward and will not be given here.
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In the following section it will be convenient to adopt the following notation:

Xi are the components of the position vector x relative to a fixed rectangular Cartesian
reference system

Ui are the components of the displacement vector u
€ij = 1/2[(aUilaXj) +(aUdaXi)] are the components of the strain tensor

U"ij denote the increase in stress components, tension reckoned positive, due to the applied
tractions

p is the excess pore pressure due to the applied tractions
U";j = U"ij +p5ij are the components of the effective stress tensor
ni the components of the outward normal to the surface S.

It is assumed that the process is a quasistatic one and thus the stresses must be in equilibrium
so that

(la)

The relationship between effective stress and strain can be written in the form

(lb)

where Q/jkl is a viscoelastic operator defined by the relation

(2b)

and R,jId(t) are the relaxation functions for the soil skeleton.
The flow of the pore water is governed by a generalised Darcy's law

(Ic)

where v/ are the components of the superficial velocity vector of the pore water, k,j are the
components of the permeability tensor, and 'Yw is the unit weight of water.

Now as was mentioned in the introduction, for many soils the pore water is relatively
incompressible compared to the soil and it therefore follows that the volume change of a soil
element will equal the volume of water squeezed out and hence

ao = _ avo
at aXi'

where 0 = €ii is the volume strain of the soil.
The field eqns (la, b, c, d) must be solved subject to the boundary conditions

U"ljnj= Ti on ST

Ui=O on SD

p=O on Sp

njvj=O on S1

and the initial condition.

0=0 when t =0+.

(ld)

(2a)

(2b)

(2c)

(2d)

(3)

This last equation follows from the observation that when the loads are first applied the pore
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water can only escape from the element at a finite rate and thus the element cannot undergo an
instantaneous volume change.

Equations (1)-(2) are simplified considerably when expressed in terms of Laplace transforms

and may be written in the form

where

aii/j = 0
aXj

a:j=A1jIclEk/

_ -k/j ap
v/=-

'Yw aXj

- - iJv/s9=-
ax;

A/jIcI=sRIjIcI

ii/jnj= 1;

0/=0 on

p=O on

r.J?. nj= 0 onax}

(4a)

(4b)

(4c)

(4d)

(5a)

(5b)

(5c)

(5d)

These eqns (4) and (5) are analogous to those developed for a material with an elastic
skeleton[6].

FINITE ELEMENT FORMULAnON

Finite element formulations for an elastic consolidating soil have been proposed by several
authors[7-13]. Many of these authors have adopted a Gurtin variational formulation, however in
this paper the authors will extend the approach developed in Ref. [13] and obtain the finite
element approximating equations in terms of the Laplace transforms of the field quantities.

In developing a finite element formulation for the problem of a viscoelastic consolidating soil it
is convenient to rewrite several of the equations developed in the previous section in the following
alternative notation: q =(UII. U22, UH, U3h Un. unf is the vector of stress components.
#! = (Ell, E22, £33, 2£31> 2E12, 2£23)T is the vector of strain components. q' q +pe is the vector of
effective stress components where e = (I, I, 1,0,0, O)T.

Equation (lb) becomes

0" =Q{E}

where Q is a viscoelastic operator which can be written in the form

Q{E} = R(t)E(O) +f R(t - T)E(T) dT

where R is the relaxation matrix of the soil skeleton.
When eqns (6a, b) are written in terms of Laplace transforms they become

(;' =fiE

(6a)

(6b)

(6c)

where D= si is the matrix of "transformed" elastic constants. Similarly Darcy's law can be
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written in the form
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1
v=--kVp

"yw
(6d)

where k is the matrix of permeability coefficients.
In developing a finite element formulation it is convenient to recast eqns (4) and (5) in the form

of a variational principle. It can be shown by a slight extension of the methods developed in Ref.
[6,13] that the solution of eqns (4) and (5) is equivalent to finding a displacement field ii and a pore
pressure field p which satisfy the boundary conditions (5b, c) and render the functional qr
stationary:

(7)

The minimization problem described in eqn (7) can be solved approximately by the finite element
technique as follows:

(i) Suppose that the displacement field u and excess pore pressure field p can be adequately
represented by their values at nodes 1, 2, ...

The subscripts in the above definitions refer to values at a particular node.
(ii) Suppose that the continuous fields n, p can be adequately approximated in terms of their

nodal values. t

u = C(x)8

p = aT (x)q.

(iii) The strains, volume strain and pore pressure gradients may then be written in terms of
nodal values

E = B(x)8

8= dT (x)8

Vp =E(x)q

where

and

a/aXI 0 0
0 a/aX2 0

iJ=
0 0 a/aX3

a/aX3 0 a/aXl
a/aX2 a/ax1 0

0 a/aX3 a/ax2

tC(x), a(x) are both known; their precise form will depend upon the particular finite element adopted.
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(iv) The functional 'I' can now be approximated by the quadratic form

where

is the "transformed" stiffness matrix.

L= Iv ad
T

dV

41»= f l..ETkEdV
Jv'Yw

1= f CTfdS
JST
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is the "transformed" vector of nodal forces. Minimisation of 'I'approx leads to the set of
approximating equations

[K, -c ][8] [']
-L, -(l/s)4I» q = 0 .

The Laplace transform may now be inverted to yield

S{6}-LT q=f

-L6-4I»f qdt =0

where S is a viscoelastic stiffness operator defined as follows

(Sa)

(8b)

or

where

S{6} = Z(O)6(t) +f Z(t - T)6(T) dT

Z(t) = LBTR(t)B dV

NUMERICAL SOLUTION

Equation (8b) can be regarded as a set of Volterra integral equations, the numerical solution of
such equations is in principle quite simple, see for example Ref. [14].

Thus for example, if integrals were approximated by a trapezoidal rule, an approximation to
eqn (8b) would be

where

[
1I2(Z(M) +Z(O)), -LT ][6(t)]=[a(t)]

- L, - (I1t/2)4J q(t) b(t)

1 1'-4'a(t) = f(t) - 2(Z(O) - Z(l1t))6(t -l1t) - 0 Z(t - T)8(T) dT

I1t
b(t) = - L6(t -l1t) +T 4I»q(t -l1t).

(9)



142 1. R. BOOKER and J. C. SMALL

Clearly the right hand side or load vector of eqn (9) depends only on values of 6(r),
q(r)O :S r :S t - At and thus the solution can be found by a "forward marching" procedure.

While the above approach is conceptually simple it has the disadvantage that in order to
calculate the load vector it is necessary to know the values of 6, q at all previous values of time. This
involves considerable computation and a great deal of storage thus making the solution of any but
the simplest problem an extremely time consuming process.

One method of overcoming this disadvantage is to adopt the approach of Christian and
Watt[18] and represent the soil response as a truncated Prony series

thus the "matrix of transformed" elastic constants has the form

- s s
D(s) = Do +--D1 + ... +--Dn •

s + 'YI S + 'Yn
(lOb)

In the discussion of stability of the numerical method it will prove necessary to assume that the
matrices Do, D1, •• ,Dn are positive definite. This is certainly true for an isotropic material whose
volumetric and deviatoric response can be represented in terms of mechanical models consisting of
springs and dashpots connected in series and parallel [15, 16]. When fi has the form (lOb) the
matrix K can also be written in the form

- n S
K=Ko+~--Ki'

1=1 s + 'Yi

Now in order to facilitate numerical analysis introduce the auxilary quantities

s 
pI=--6

s + 'Yi

so that

The quantities 6, p are therefore related by

or

8(t) = PI(t) + 'Yi f p(r) dr.

Equation (lIe) may now be approximated as

(lla)

(lIb)

(lle)

(lId)

(lIe)

02a)

(l2b)

where the subscript k indicates the value of a quanti.ty at time tk = (k -1)At. Different values of
the parameter correspond to different integration rules, for example {3 = 1/2 corresponds to
trapezoidal integration.
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Equation (8a) can be written in terms of the variables Pt in the form

Now inverting the Laplace transform and making use of eqn (I2b) it is found that

where

K=Ko+:t Ki

I-I 1+fJ'Ydit

.. ydJ.t
8k = ~I 1+/3YI !J.t KiPI.k +fk+1 - fk

bk = -!J.tc)lqk'
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(I3a)

(I3b)

Equation (12) can be used to find the values of 6k+1, qk+1 from the known values of &e, qk, PI,k.
Once these values have been found {JI,l+1 can be found from eqn (I2b) and so the process may be
repeated and the calculation marched forward.

It is apparent that the difficulties associated with eqn (9) have been largely overcome. It is no
longer necessary to store the values of 6 for all previous times but merely to store the current
values of q, 6, Ph in essence all the hereditary information necessary for the calculation to
proceed is contained in Pi.

It is shown in the Appendix that this integration scheme is unconditionally stable provided
/3 ;;;. 1/2 and stable when 0~ /3 ~ 1/2 provided

MinAi
!J.t < (1/2 - /3) (14)

where Ai are the eigenvalues of a certain matrix.
Equation (14) can be used as a stability criterion once the smallest eigenvalue AI is known. In

most circumstances it is more convenient to circumvent this calculation by selecting fJ ;;;. 1/2.

EXAMPLES

As a first illustration of the theory consider the problem of a clay layer resting on a rigid
impermeable base and consolidating under one dimensional conditions as shown in Fig. 1a. An
analytic solution to this problem has been found by Gibson[4] and Christie[l7].

p

P (appli~d at t =0+)

h

??'('?7?77?J77

rmp~r~abl~ Rigid Bos~

Fig. I(a).

S8 Vol. 13, No. 2-E

Fig.l(b).

Finiw EI~m~nt

M~sh Us~d
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A numerical solution to the problem was found using the finite element network shown in Fig.
lb. for a variety of viscoelastic models. For this and other problems examined in this section
triangular elements with a linear variation in displacement and pore pressure were used although
there is no difficulty associated with the use of other elements.

First it was assumed that the soil had a constant Poisson's ratio 110 and that its response in
shear could be obtained from the two parameter model shown in Fig. 2. If such a material is

G,

Fig. 2.

subjected to a constant shear stress 'To and there are no consolidation effects, it will sustain a
shear strain 'Y given by

(5)

where

Go == G. == shear "molulus" at t "" 0

G1G3 hGoo == = s ear "modulus" at t == 00
G 1 +G3

Ts=G3t/'T/

and will thus creep from an initial strain 'Yo == 'To/Go to a final strain 'Yoo == 'To/Goo.
In presenting the results it is useful to adopt the following notation due to Gibson:

M == Go/Goo == the compressibility factor.

(2 - 2110)Gokt . .
Tv == (1- 2110hwh2 == the pnmary tIme factor

N = 2 - 2110 Ts == the time influence factor
1- 2110 Tv relating the consolidation and

viscoelastic time scales.

06a)

06b)

(l6c)

The degree of settlement calculated from the numerical solution and that calculated from the
analytic solution are shown in Fig. 3 for the particular case of Poisson's ratio zero, a
compressibility factor M =3.33 and a variety of time influence factors N varying, from N =00

where consolidation occurs much more slowly than creep, to N =0 where consolidation occurs
much more quickly than creep.

To show the effect of a different choice of rheological model the problem described above was
solved for the case in which the shear behaviour varied according to eqn (5) but the bulk modulus
was constant. For the case of comparison it was assumed that the two materials had the same
instantaneous response and thus:

K == K = 2GoO+ 110)
o 3(1- 2110) .

(17)
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Fig.3. Plotof degree ofconsolidation vs time factor for a viscoelastic material under one dimensional conditions.

0
M = 3·33

c
Q 0'2...
c
'0

~ 0·4c
0
U

.....
0 0·6
~ --v constant
~... -<>-- K constant0\
~ 0·80

1·0'-------l-----.......---......~~---- .......--"'--""-.....
0·01 0'1 1·0 10 100 10~0

k (1-Vo ) t
Tv ='Yvv Eo (1+Vo )(1-2Vo )t;:2

Tima Factor

Fig. 4. Comparison ofdegree ofconsolidation vs time factor for two visco-elastic materials (onedimensional).

-....
llo-.~, -,4- 0.261

N=O'Ol

--- v constant (vo=o)
-......:r--K constant

(K =Ko)

0·1

0·2

0'4

oj::::;;::::=-.,.-----r---r-~~~-__,
M =3·33

0'5 ':-----..J.------J..- --L::: ....I-__..::.-..JO· 50
0·01 0·1 1·0 10 100 1000

8

1
Cl s:
>0-

<0 0'3

T =..L 2G (1- vo"!' .1.
V1 Yw 0 ( 1 - 2Vo l h2

Fig. 5. Comparison of vertical surfacedellection vs time factor for two visco-elastic materials (one dimensional).



146 1. R. BOOKER and J. C. SMALL

r"h' j
p !

B t J • t f 8
A A

h

t
c' C

2h

Fig.6(a}.

s'

C'

Fig.6(b}.

O,..----r----..,------.----.,...-----,
M =3·33

0·150 (Initial d~fL)

N=O

·""""l~~_=~-------1.~---J0·385(Finol ~fl.)
N=O

0-50 (InitIOI d~fU

N" co

'-281 (Final d4fU
N. co

1·2

-- Analytic

1'0 oAOV Finit~ EI~m~nt

y= 0·0 N" co
'-

0'4

0·6

1.4 ':- ~-__--k:__----I..-----J..----..J
0'01 0'1 10 100 1000

I< (1-v) t
Tv1 " Y

w
2GoT2v -;;2

Fig. 7. Settlement vs time factor plot for the central point of a strip footing on a visco-elastic layer (surface laterally
restrained).

The degree ofsettlement and the actual settlementfor the two different viscoelastic behaviours
are shown in Figs. 4and 5 and it can be seen that although the solutions behave similarly for early
time they are substantially different for the moderate and large times.

The second example taken was a two dimensional problem shown schematically in (Fig. 6a). The
problem is that of a ftexible strip footing AA' on a layer of visco-elastic soil ABCC'B'A'. The base
e'c is smooth, rigid and ilnpermeable, the sides e'B' and BC are shear free, while the surface
9'A'AB is permeable and restrained against any horizontal movements. This particular problem is
not a practical one but was chosen because it is possible to find an analytic solution using a method
similar to that described by Freudenthal [5].
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Fig. 9. Comparison of degree of consolidation vs time factor for two visco-elastic materials (strip footing on rough
based layer).

The finite element mesh used for the problem is shown in (Fig. 6b). Results of the analysis are
shown in (Fig. 7) for the case where M = 3.33 and Poisson's ratio is zero. In this figure the
numerical and analytic values of the central vertical deflection are compared for various values of
N. Again there is good agreement between analytic and finite element solutions.

Firvally a more realistic two-dimensional problem was tried. The problem can again be shown
schematically by (Fig. 00). AA I is the flexible footing sitting on the layer ABCC'B'A'. The base
CC' is rough, rigid, and impermeable, while the sides C'B', BC are shear free. Drainage occurs
across the surface B'A'AB. The finite element mesh used is the same as that in (Fig. 6b).

Figure 8 shows the degree of settlement plotted against time factor for various values of N for
the case where Poisson's ratio is zero.

The effect of assuming a different viscoelastic behaviour and supposing that the bulk modulus is
constant and defined by eqn (17) may be seen in (Fig. 9) and it is again found that there is a
significant change in the degree of settlement.
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APPENDIX
In order that the integration scheme proposed in this paper, may be used with any confidence it is necessary to establish

the conditions under which it remains stable. The problem of the stability of numerical integration schemes for an elastic
consolidating soil has been investigated and illustrated by Booker and Small [13] and it is found that similar criteria hold for
viscoelastic consolidation.

The stability of the integration scheme described by eqns (13) will depend upon the behaviour of the solution of the
homogeneous equations

Kollk+' +~ K;Pi.k+1 - LT
qk+1 = 0

j-I

If Il., Il. + I are eliminated from these equations they may be written

where a = 1- {3

(AI)

r
l+Ko-iKI)/'Y"

A= Ko-'K,/"Y2'

-41- 'LKo- 'K"

K,,- IK2/'YI,
(I +Ko-IK2)/'Y2,

K"-IK"/"YI,
, K"-IK.I'Y2'
. (l +K"-IK,,)/'Y.,

.... , -41- 'LKo- 'K.,

and ~T = (PIT, P2T, ..., p.T, q).
Now suppose the matrix A has eigenvalues A" A2 , ••• , AN with corresponding eigenvectors p" P2, ... , PN then as is well

known

where

A=diag(A
"

.... , AN)

P =[PI, P2, .... ,PN].

It therefore follows that

where
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and

M=di (AI-a~t , .. AN-a~t).
ag A,+fJM' 'AN+fJ~t

So that

It now becomes evident that the iterative solution will only remain stable provided.
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for all i = 1, .. " N. (A2)

Now the eigenvalues A, are all real and positive to show this observe that

(A-H)p=O

implies that there exist nontrivial S, q such that

K(s)S-Cq=O

I
-LS-s4lq=O

where

s=-I/A

and K(s) is defined by eqn (l1a).
First suppose that s is real then eqns (A3) and (A4) imply that

that is

(A3)

(A4)

(A5)

Now suppose Ais negative so that s = -1/.1. is positive, then clearly since Do, D
"

. , . ,D., k are all positive definite eqn (AS) is
the sum of positive definite terms, this of course implies that S =0, q = 0acontradiction and thus if A is real Amust be positive,

Next suppose that A is a complex eigenvalue it then follows from eqn (AI) that its complex conjugate A* is also an
eigenvalue and thus that

Subtracting these two equations and dividing by s*- s it is found that

Now because of the assumed positive definiteness of D
"

.... ,D., k the above equations consist of the sum of positive definite
terms and so implies that S =0 q =0 a contradiction.

Since the eigenvalues A, are all positive eqn (A2) implies that the integration process is always stable provided

O<fJ<~

Thus the process will always be stable when fJ .. 1/2 but is only conditionally stable when fJ < 1/2.


